Generic Finiteness of the Fixed Point Set for the
Infinite Population Genetic Algorithm

Tomas Gedeon, Christina Hayes and Richard Swanson

Department of Mathematics, Gettysburg College
Department of Mathematical Sciences, Montana State University

January 10, 2007

presented by Christina Hayes GC and MSU

FOGA 2007



@ Dynamical Systems Model

9 Definitions
@ Fixed Point
@ Genericity

© Set Up

@ Main Result

@ Notion of Transversality

@ Definition of Transversality
@ Transversality and Density
@ Transversality and Openness
@ Main Result, Again

0 Flow of the Proof...
© Conclusion

presented by Christina Hayes

GC and MSU

FOGA 2007



Dynamical Systems Model
©000000

Representation of Populations

© Simple Genetic Algorithm

@ Representation:

Search Space: Q and |Q| = n;

Population Size: r < oo

Population Incidence Vector: p = (p1, p2, ..., pn)| Where
pi = ** is the proportion of the it" element in the population.
e Take r to oo to build dynamical systems model on simplex A.
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Dynamical Systems Model
0®00000

The GA Map

@ G: /A — Aisa composition

G(x)=Uo CoF(x)

e F - selection operator
e C - crossover
e U - mutation

@ x — G(x) is a discrete time dynamical system.
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Dynamical Systems Model
00®0000

Modelling Selection and Mutation

@ Selection F:AN—=A
Let f; denote the fitness of i € Q. Then f = (f, f, ..., f,).

e Example:

 diag(f)x
o Assume F is C1.
@ Mutation U:N—=A

e U is an n x n matrix, where Uj; > 0 is the probability that j is
mutated into i (i,j € Q).

U(x) := Ux
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Dynamical Systems Model
000@000

Modelling Crossover

@ Crossover C:A—A
Let Cx(x) be the probability that the individual k € Q results from
applying crossover to the population x.

Ci(x) = xT Arx
@ Ai symmetric n X n matrix.
@ (Ay)jj is the probability that individual k will result from crossover
applied to parents of type / and j.
xT Ay x
xT Arx

C(x) =

xTApx
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Dynamical Systems Model
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The Complete Operator

@ G: A=A
@ Let x € A, then G(x) := C o U o F(x), where
F:N= A
U(x) = Ux;
Cr(x) = xT Agx.

Gu(x) = [F(x)]TUT A UF(x)
(F(x))TUT ALUF(x)
60 = (F(x))TUT Ay UF ()

(F(x))TU:TA,, UF (x)
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Dynamical Systems Model
0000000

The Mixing Operator: M = Co U

o M:AN—=A
e My :=UTAU.
@ For x € A,

G(x) = (F(x))TUT ALUF(x) = (F(x)) T MF(x).

A quadratic map M = (M, ..., M,) is called a mixing operator if

e for all i, M is positive, symmetric, and ) . M; = 1.

The set of all mixing operators is denoted M.
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Dynamical Systems Model
000000

We extend all maps H € {C, U, F, M, G} to the positive cone in
R" by H(u) :=H (Z‘_’u_) .

Definition (GA map)

G=MoF, for M e M

is the complete operator for the genetic algorithm, or a GA map.
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Definitions
®0

Fixed Point

If f(x) = x, a point x is called a fixed point of f.
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Definitions
oce

Fixed Point

How does this relate to Genetic Algorithms?

@ Action of the Genetic Algorithm
— {x, G(x), G(G(x)),...}.

@ GA converges to the same result independent of the initial seed <=
G has a globally attracting fixed point

@ Global attractor for infinite population = Global attractor for finite
population

@ Convergence to a unique fixed point is automatic for quadratic
maps that are contractions — our work considers GAs which are not
contractions.
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Definitions

Genericity

Genericity

Definition
A property is typical, or generic, if it holds for an open and dense
set of parameter values.

An optimist's analogy. Good people are generic means:

@ Open: For any good guy, there is a small circle of friends (all
good) nearby.

@ Dense: For any bad guy we happen to pick, for any sized
neighborhood, there is a good guy nearby.
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Main Result

Theorem

Let G = Mo F be a GA map. For a typical mixing operator
M e M, G has finitely many fixed points.

Translation: For most mixing operators, G has finitely many fixed points.
If, however, you happen to have picked a mixing operator for which this
is not

true, perturb it a little bit and then G WILL have finitely many fixed points.

Selection Mixing
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Main Result

Theorem

(A. Wright, Vose 1995). For a generic fitness function, when
selection is proportional, G has finitely many fixed points.

Translation: For most fitness functions, if G is defined using proportional
selection, then G has finitely many fixed points. If, however, you happen
to have picked a fitness function for which this is not

true, perturb it a little bit and then G WILL have finitely many fixed points.

Fitness

Mixing e
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Notion of Transversality

Example

f(x,a) =x*+a, acR, W =x-axis in R?
For a #£ 0, W intersects the graph of f(x, a) either at two or no points —
and this will remain true even under small perturbations of a. Term these
a values “stable.”
The set of stable a values is open and dense in the set of all possible a

values.

GC and MSU
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Notion of Transversality

Example Revisited: Geometric Characterization

f(x,a):X2+a, acR, W =x-axis in R?

For the “stable” values of a:

@ The sum of the tangent space to the graph of f and the
tangent space to W at all points x of intersection generates
the tangent space to R? at x (R?).

T f(R?) + T, W = T,(R?)

@ That is, f is transversal to W.
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Notion of Transversality

Geometric Characterization Continued

@ That the set of stable values of a values is open and dense in
the set of all possible a values is a sophisticated way of saying:

f and W “cross” for the “stable” values of a and “touch” for
the exceptional values of a.
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Definition of Transversality

Transversality

Definition

For smooth manifolds X, Y, let f : X — Y beC! with W C Y a
submanifold. We say f is transversal to W at x, denoted f mh, W, if
where y = f(x) eithery ¢ W ory € W and

(T )(TX)+ T,W=T,Y.

Definition

We say f is transversal to W, denoted f h W, if f h, W for all
x € X.
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Definition of Transversality

Transverse
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Definition of Transversality

Not Transverse
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Definition of Transversality

Example: A family of maps

fo:[-1,1] — R? by fy(t) := (t, t> + a)
An exceptional value of a corresponds to non-transverse intersection of

the graph of f and W (left figure); typical value of a corresponds to
transverse intersection.

a=0
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Outline cal Systems Model Definitions the Proof...

Transversality and Density

Transversal Density Theorem

Theorem

Let A, X,Y be C" manifolds and W C Y a submanifold. Let
pa: X — Y be a family of maps such that the correspondence
ev(a, x) := pa(x) is C". Define Ay C A by

Aw = {a € .A|pa M W}

Assume that
@ X has finite dimension m and W has finite codimension q in Y;
Q r > max(0,m— q);
Q ev(a,x)h W.

Then Ay is residual (and hence dense) in A.
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Set Up

[e] lelelelele}

Transversality and Density

Example for Transversal Density Theorem

In our example, the set Ay := {a # 0} and the set A = R.
Density of Ay in A means that in an arbitrary neighborhood of
the value a = 0, there is a value of the set Ayy.

N\
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Set Up
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Transversality and Density

Theorem which is really a Corollary to the Transversal
Density Theorem

Let X, Y be C" manifolds (r > 1), f: X - Y aC" map, WCY a
C" submanifold. Then if f h W:

@ W and f~1(W) have the same codimension;

Q If W is closed and X is compact, f~1({W}) has only finitely
many connected components.
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Set Up
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Transversality and Density

Ex: W and f~}(W) have the same codimension

fo:[-1,1] — R? by fy(t) := (t, t> + a)
Let W = {(x,y) € R?|y =0}, and a # 0.
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Set Up
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Transversality and Density

Example Continued

@ The set £, 1(W) consists of finitely many points. Two points when
a < 0 and no points when a > 0. Each of these points is a
zero-dimensional submanifold of the dimension 1 interval [-1,1].

@ Thus, £, (W) has codimension 1. Since W is a 1-dimensional
submanifold of R2, it also has codimension 1. Note that in our
example, £, }(W) =0 and is a point.

a =0
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Set Up
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Transversality and Density

Modifications of previous example.

The map fy maps a subinterval (—¢, €) into W.
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Set Up
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Transversality and Density

Another Example

@ Observe that the compactness of X is also necessary.
o Let g : R — R? defined by g(t) = (t,sint). Then
g7 1(0) = k7 has infinitely many components in X = R.
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Transversality and Openness

Openness of Transversal Intersection

Theorem

Let A, X,Y be C' manifolds with X finite dimensional, W C Y a
closed C submanifold, K C X a compact subset of X, and

pa: X — Y be a family of maps such that the correspondence
ev(a, x) = pa(x) is C". Then the subset Axyw C A defined by
Akw = {a € Alpa, thx W for x € K} is open.
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Transversality and Openness

Example for Openness of Transversal Intersection

In our example, K = X = [—1,1] is compact and

Akw = Aw :={a # 0}. The set Axw isopenin A=Rif a
small enough neighborhood, N,(a), of the value a € Ak, has
Nc(a) C A. That is, for any a # 0, there is a small interval
(a—e¢,at+e€) C A
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Main Result, Again

Theorem

Let G = Mo F be a GA map. For a typical mixing operator
M € M, G has finitely many fixed points.
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Main Result, Again

Set Up

o A = M, where M is the set of mixing operators.
e X=ANCR"and Y =R} :={x e R"| >, x; = 0}.
@ Let M e M and x € A.

o Define pum(x) : A — Ry, by

pm(x) :=(MoF —I)x.
o Define ev,(M,x) : M x A — Rf by
ev,(M,x) = pm(x) = M(F(x)) — x.

e F,M,G,pum,ev, are each ctL.
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Flow of the Proof...
©00000

Lemma

For ev,(M,x) := M(F(x)) — x, rank(d(ev,)) = n— 1.

Shown by computation.
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Flow of the Proof...
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Lemma

Letev,: M xN—Rj, x €A, and M € M. Then ev, h {0}.

Show definition holds.
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Flow of the Proof...
00000

Proposition

Proposition

Let Moy := {M € M|pm h {0}}. Then Mgy is dense in M. That is,
the set of parameter values for which py is transversal to {0} is dense in

M.

Use Transversal Density Theorem.
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Flow of the Proof...
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Proposition

The set Moy is open in M.

Use Openness of Transversal Intersection Theorem.
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Flow of the Proof...
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Proposition

For generic M € M,
© pm h {0}. That is, the set of parameter values for which pp
is transversal to {0} is open and dense in M.
@ The set of parameter values for which p,,'({0}) has finitely
many solutions is open and dense in M.

For part (1) use previous two Lemmas. For part (2) use Corollary
to the Transversal Density Theorem.
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Outline Systems Model initions Set Up Flow of the Proof...
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Proof of Main Result

Let G = Mo F be a GA map. For a typical mixing operator
M € M, G has finitely many fixed points.

Proof.

By previous Lemma, for M € Mgy C M, pm(x) = 0 has finitely many
solutions in A. That is, for generic M € M,

pm(x) = M(F(x)) — x

has finitely many solutions in A. Thus solutions to pp(x) = 0 correspond
to fixed points of G = Mo F. O
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Conclusion
©0000

Summary of Result

@ Given an arbitrary selection function and a typical mixing
function, their composition has finitely many fixed points.
(Infinite population model)

@ Infinite population model vs Finite population models

e correspondence not straightforward — likely depends on the
details of the implementation

e our result adds to the increasing body of evidence that the
infinite population model can give qualitative insights into the
functioning of the GA.
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Conclusion
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Genericity...

@ Genericity of the finiteness of the fixed point set is expected
for any reasonably rich model, consisting of iterations of a
map on a compact space.

@ For a given mixing operator, unless proven otherwise, it is
reasonable to assume that G has finitely many fixed points.
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Conclusion
00®00

Infinite vs Finite Population Models

@ The perturbation from an infinite to a large finite population model
can be viewed as a small perturbation of the infinite population
model.

@ For any finite population model which in the infinite population limit
falls into the class we study, one can reasonably assume that each
large population model in this class has finitely many fixed points.
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Conclusion
000®0

Caveat behind “reasonably assume:”

...one can reasonably assume that each large population model in this
class has finitely many fixed points.

@ Generally more difficult to prove density results in a smaller
parameter set as opposed to in a larger parameter set.

e Fewer available perturbations to perturb off of “bad”
parameter values (as is @a = 0 in our example).

@ Possibility exists that a specific class of mixing operators in which
genetic algorithms with a finite number of fixed points will not be
dense.
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Conclusion
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An additional contribution...

Differential Topology is useful in the study of Genetic Algorithms
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Transversality
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Transversality
©00

Notion of Transversality

Example

f(x,a) =x*>+a, acR, W =x-axis in R?
For a £ 0, W intersects the graph of f(x, a) either at two or no points —
and this will remain true even under small perturbations of a. Term these
a values “stable.”
The set of stable a values is open and dense in the set of all possible a

values.

a>0

GC and MSU
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Transversality
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Notion of Transversality

Example Revisited: Geometric Characterization

f(x,a)=x*+a, acR, W =xuaxis in R?

For the “stable” values of a:

@ The sum of the tangent space to the graph of f and the
tangent space to W at all points x of intersection generates
the tangent space to R? at x (R?).

T f(R?) + T, W = T,(R?)

@ That is, f is transversal to W.
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Transversality
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Notion of Transversality

Geometric Characterization Continued

@ That the set of stable values of a values is open and dense in
the set of all possible a values is a sophisticated way of saying:

f and W “cross” for the “stable” values of a and “touch” for
the exceptional values of a.

a=>0

\J
Lvi - \ / -
=/

a<0
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Transversality
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Definition

Transversality

Definition

For smooth manifolds X, Y, let f : X — Y beC! with W C Y a
submanifold. We say f is transversal to W at x, denoted f mh, W, if
where y = f(x) eithery ¢ W ory € W and

(T )(TX)+ T, W=T,Y.

Definition

We say f is transversal to W, denoted f th W, if f h, W for all
x € X.
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Transversality
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Definition

Transverse
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Transversality

[e]e] o]

Definition

Not Transverse
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Transversality
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Definition

Example: A family of maps

fo:[-1,1] — R? by fy(t) := (t, t> + a)
An exceptional value of a corresponds to non-transverse intersection of

the graph of f and W (left figure); typical value of a corresponds to
transverse intersection.
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Outline

Transversality and Density

Transversal Density Theorem

Theorem

Let A, X,Y be C" manifolds and W C Y a submanifold. Let
pa: X — Y be a family of maps such that the correspondence
ev(a, x) := pa(x) is C". Define Ay C A by

Aw = {a € Alpa W}

Assume that
@ X has finite dimension m and W has finite codimension q in Y;
@ r > max(0,m—q);
Q ev(a,x)mh W.

Then Aw is residual (and hence dense) in A.
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Transversality
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Transversality and Density

Example for Transversal Density Theorem

In our example, the set Ay := {a # 0} and the set A =R.
Density of A in A means that in an arbitrary neighborhood of
the value a = 0, there is a value of the set Ay .

N\
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Transversality
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Transversality and Density

Theorem which is really a Corollary to the Transversal
Density Theorem

Let X, Y be C" manifolds (r > 1), f: X — Y aC" map, W CY a
C" submanifold. Then if f h W':

Q@ W and f~1(W) have the same codimension;

Q@ If W is closed and X is compact, f ~1({W}) has only finitely
many connected components.
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Transversality
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Transversality and Density

Ex: W and f~}(W) have the same codimension

fo:[-1,1] — R? by fy(t) := (t, t> + a)
Let W = {(x,y) € R?|y =0}, and a # 0.
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Transversality
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Transversality and Density

Example Continued

@ The set £, 1(W) consists of finitely many points. Two points when
a < 0 and no points when a > 0. Each of these points is a
zero-dimensional submanifold of the dimension 1 interval [-1,1].

@ Thus, f,1(W) has codimension 1. Since W is a 1-dimensional
submanifold of R2, it also has codimension 1. Note that in our
example, £, }(W) =0 and is a point.

a<0
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Transversality
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Transversality and Density

Modifications of previous example.

The map fy maps a subinterval (—¢,€) into W.
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Transversality
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Transversality and Density

Another Example

@ Observe that the compactness of X is also necessary.
o Let g : R — R? defined by g(t) = (t,sint). Then
g7 1(0) = k7 has infinitely many components in X = R.
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Transversality
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Transversality and Openness

Openness of Transversal Intersection

Theorem

Let A, X,Y be C' manifolds with X finite dimensional, W C Y a
closed C' submanifold, K ¢ X a compact subset of X, and

pa: X — Y be a family of maps such that the correspondence
ev(a, x) = pa(x) is C". Then the subset Axyw C A defined by
Akw = {a € Alpas thx W for x € K} is open.
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Transversality
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Transversality and Openness

Example for Openness of Transversal Intersection

In our example, K = X = [—1,1] is compact and

Akw = Aw :={a # 0}. The set Axw isopenin A=Rif a
small enough neighborhood, N,(a), of the value a € Ak, has
Nc(a) C A. That is, for any a # 0, there is a small interval
(a—e€,a+¢€) C A
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Transversality

Set Up

Theorem

Let G = Mo F be a GA map. For a typical mixing operator
M € M, G has finitely many fixed points.
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Transversality

o A = M, where M is the set of mixing operators.
e X=ANCR"and Y =R} :={x e R"| >, x; = 0}.
o Let M e M and x € A.

o Define pym(x) : A — Ry, by

pm(x) = (Mo F —I)x.
o Define ev,(M,x) : M x A — Rf by
ev,(M, x) = pm(x) = M(F(x)) — x.

e F,M,G,pum,ev, are each ctL.
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Proof Outlines
©00000000

Lemma

For ev,(M,x) := M(F(x)) — x, rank(d(ev,)) = n— 1.
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Proof Outlines
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Since A C R"T,
dev, =D ev,.
Similarly,
D(eVp|(M></\)) = DeVp|T(P,y)(M></\).
Because T(Rj) = R, and

T(M xN)={(P,y)|P=(P1,...,P,) with 3 Pi=0and y € R"},

1

it suffices to show D ev, : T(M x A) — R is onto. By computation, for
any z € Rf, and (M, x) € M x A, there exists (P,y) € T(M x A) so
that

Devip,x)(P,y) = z.
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Outline sve ity Proof Outlines
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Lemma

Letev,: M xN—Rj, x €\, and M € M. Then ev, h {0}.

Proof: Show Definition of Transversality.
W := {0}, so ToW = {0}. Need (Txev,)(TxX) = ToY = R""! to show

(Txevp)(TXX) + TOW = Toy

Rn—l 4 0= Rn_l.

So, we show Dev,(x) is surjective. By the above Lemma,
rank(Dev,(x)) = n— 1, and therefore Dev,(x) is surjective and
ev, M {0}. O
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Outline sve ity Proof Outlines
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Proposition

Proposition

Let Moy :={M € M|ppm th {0}}. Then My, is dense in M. That is,
the set of parameter values for which pp is transversal to {0} is dense in

Proof: Use Transversal Density Theorem...
© By above Lemma, ev, i {0}.

Q dim(X =AN) = m < oo and codim(W = {0}) in Y =RJ is
g=n—1<oo0.

|z

© r > max(0,m — q). Since r = 1, clearly r > max(0,0) = 0.

O
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Outline ansversality Proof Outlines
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Proposition

The set Moy is open in M.

Proof: Openness of Transversal Intersection Theorem.

M, X, Y are C! manifolds and the maps pp(x) are C1. We take
K = X = A, and thus K is a compact subset of the finite
dimensional manifold X. Similarly W = {0} C Y is closed. Thus,

MK{O} = {M € ./\/l|pM Mx {0} forx e K = X}

is open in M. O
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Proof Outlines
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Proposition

For generic M € M,

@ pm M {0}. That is, the set of parameter values for which py
is transversal to {0} is open and dense in M.

@ The set of parameter values for which p,\j,l({O}) has finitely
many solutions is open and dense in M.
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Proof Outlines
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Proof of Proposition

(1) For generic M € M,pp th {0}. That is, the set of parameter
values for which py is transversal to {0} is open and dense in M.

Result follows directly from previous two Lemmas. Ol
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Outline sality Proof Outlines
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Proof of Proposition

Proposition

(2) The set of parameter values for which py; ({0}) has finitely
many solutions is open and dense in M.

Proof Idea: Use Corollary to the Transversal Density Theorem.

@ By Corollary, py,'({0}) has finitely many connected components for
an open and dense set of values M € M.

@ We show each connected component contains only isolated points,
and therefore each connected component is an isolated point.

@ Finitely many connected components implies finitely many isolated
points, and p;,'({0}) has finitely many solutions.

[l
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Proof of Main Result

Let G = Mo F be a GA map. For a typical mixing operator
M e M, G has finitely many fixed points.

Proof.

By previous Lemma, for M € Moy C M, pm(x) = 0 has finitely many
solutions in A. That is, for generic M € M,

has finitely many solutions in A. Thus solutions to pp(x) = 0 correspond
to fixed points of G = Mo F. O
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